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Another New Family of Binary Sequences with Six or eight-valued Correlations
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In this correspondence,for a positive even integer n, a new family of binary sequences with 2™ 4 1
sequences of length 2" — 1 taking six and eight valued correlations is presented. This family can be

considered as a new class of Gold-like sequences.

PACS numbers:

I. INTRODUCTION

Since the late sixties, many families of binary sequences
of length 2™ — 1 with optimal correlations [2],[3],[4],[6]
have been found, where n is a positive integer. The Gold
sequence family [2] is the best known binary sequence
family having four-valued correlations. For an odd n,
Boztas and Kumar [1] introduced a family of binary se-
quences , the so-called Gold-like sequences, whose corre-
lation distribution is identical to that of Gold sequences.
For even n, Udaya [7] introduced families of binary se-
quences with six-valued correlations. Later, Kim and No
further generalized the Gold-like sequences to GKW-like
sequences by the quadratic form technique [4]. In this
paper, we use the quadratic form technique to get a new
family of optimal binary sequences with 2™ 41 sequences
of length 2™ — 1.

II. PRELIMINARIES

Let Fy» be the finite field with 2™ elements. The trace
function from Fon to Fse is defined by

21
tri(x) = Z ¥
i=0
where z € Fyn and eln and {vg,vq,...... ,Ugn_1} I8 an

enumeration of the elements in F5». We also recall that
the symplectic bilinear form of a trace form f(x) is

B(z,z) = f(z) + f(2) + f(x + 2) for z,z € Fon.

Let f(z) be a function from Foyn to Fs.
transform F(A) of f(z) is defined by

Z (=1)/ @)+t @A),

TEFon

The trace

FQA) =

Lemma 1. ( Helleseth and Kumar [3]) Let f(x) be a
quadratic Boolean function on Fon. If the rank of f(x)
is 2h, 2 < 2h < n, then the distribution of the trace
transform values is given by

*Email: sankhadip.roy@Quem.edu.in

American Journal of Applied Mathematics and Computing

US ISSN: 2689-9957
website:https://ajamc.smartsociety.org/

on—h 22h=1 4 oh—lyimes
F(\) =<0, 2" — 22" times
—on—h  92h=1 _ oh—lyimes

where rank is the co-dimension of the radical of f(x).

All the sequence families considered in this paper are
constructed by using the trace function a(x) = tri(z)
and some quadratic form b(z) as follows:

C={fi(x)]0<i<2"zeF.}

where

0<i<2ant
i=2"
The correlation function between two sequences defined

by fi(z) and f;(z) can be given by the function from Fyn
to the set of integers Z as

Ri;(0) = Xers, (—1)fr @i (0n)

where § € Fy, and it can be expressed as a trace trans-
form

Ri(6) = 30 (m)riocrui o)
c€F},
= 1+ Z (—1)tri @\ +g()
z€Fyn
= -1+ G(\)

where g(z) = b(0z) + b(z) and A\ = v; + v; € Fon.

Definition 1. Let = = m be even.
Boolean functions p(x) and q(x) by

n_1 1 m_q el
p(z) = 212:1 tr?($2 +1)’ q(r) = 212:1 tT{L(xz +1)~

Definition 2. ( Udaya [7]) For an even integer
n =2k >4 , Udaya introduced the following family G

We define the

tr (viw) + pla) + trf (372%"’1)7 0<i<2m—1
gi(x) =14, o
tri(z), 1 =2"
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Theorem 1. (Udaya [7]) For the family G , the distri-
bution of correlation values R; ;(0) are given as follows:

2" — 1, 2™ + 1 times

-1, 22n=1(gn=l L 9n=2) 4 92" _ 9 times
—142F @t 2)2n 1t 42571 times
—1-2F (277t —2)(2"7! — 2871 times

—1 42k 22n=1(9n=3 4 9k =2Y pimes

—1 =2kt 92n=l(gn=3 _ 9k=2y pimes,

Definition 3. ( Kim and No [{]) Let = = m be an
even integer, where m > 4. Kim and No introduced the
following sequences S with siz-valued correlations.

0<i <2 -1
1 =2"

Sl(gj) — {ﬁ"l( )+q( )+tT1%(I2L2L+1)7
try(z)

Theorem 2. (Kim and No [/]) For the family S , the
distribution of correlation values R; j(0)are given as fol-
lows:

2" —1, 2" 4+ 1 times

-1, 22n=e(gn _ gn=2e) 4 (22" _ 9) times
14 2"FE, g2nme(gn2eml | 9T yies
11— 2"““ g2n—e(gn—2e-1 _ gn=g=2

—142%, (227 — 22— _ 9)(2" 7 4 25 V) times
—1-2%, (227 — 22— _ 92)(2" — 25 1) times.

In this paper we introduce a new family U which is a
combination of G and S.

Definition 4. Let % =m > 4 be even. We define the
family U of binary sequences by

z)+px)+q(x), 0<i<2"—1
trl( )7 )

uz(a:) — {tTl (

For the correlation property of the family U, we have
the following main result.

Theorem 3. The distribution of correlation values of the
family U is given as when e is odd

Correlation (R; ;(0))| Number of times it appears
2" —1 2" +1
-1 23n + 22n _ 2n+1 + 2-3
+2n+26—1(2e—1 _ 2n—1 _ 1) —92
1T (2 2+2 $y(2nte — 2)
e—1
—1-2 (2072 —2°37)(2" — 2)
_1 +2n—e+1 (229 3 29 2)(2271 _ 2n+e)
S 2n—e+1 (225 3 _ 9~ 2)(22n _ 2n+e)
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and when e is even
Correlation (R;,;(0))| Number of times it appears
2m 1 2" 41
-1 2371, + 22n o 2n+1 + 2e+1

+2n+e—2(3 2@—1 2n+2 3) —_9
_1_’_2717% (2e 1+2 )(2n+e 1+2n_2)
—1— 2717% (25 1_ )(2n+e 1 + on _ 2)
_1+2n—% (26 3+2 )(2n+e 1_ n)
1 2n7‘3;2 (26 3 _ )(2n+e 1 2n)
-1 + 277,75 (225 1 26 1)(2 2n+e)
_1— 2n—e (22e 1 2e 1)(22n 2n+e)

III. CORRELATION OF p(z) + ¢(z)

The following theorem describes the correlation of

p(z) +q().

Theorem 4. The distribution of the trace transform val-
ues (cross-correlation values) of p(x) + q(x) is given as

gn—5+ , 2072 4 2% times

0, 2" — 2" Liimes when eis odd
262 _ 2°3° times

"3 201 4 2% times

0, 2™ — 2%times when e is even.

—on=5 2571 — 2% times

Proof. For the proof we will be using some results from

[G]n and [7]. We have for p/(z) = Zi}ltr?(aﬁy“) +
tre (2 Y, By(z,2) = tr(z(tr}(x) + z)) and for
d'(2) = Syt (@) + g (27, By(a, 2)

=try(z(trg () + x)). Then By o(2,2) = By yq (7, 2)

= tr] (z[tr] (z) +tr7(z)]). So we need to find the number
of x € Fyn such that tr7(z) + tr{(z) = 0 which implies
tr?(z) = 0 or 1 when e is odd.

Now tr : Fyn °%° Fge So |Ker(tr)| = 22 = 2n¢.
Therefore [{x € Fon : tr(z) =0 or 1}| = 2|Ke7‘(t7‘ )| =
2n—e+1 Hence the rank of p+¢qisn—(n—e+1) =e—1
and we get the first case using the Lemma 1.

When e is even, if tr(z) = 1,tri(z) = tr{(tr2(z)) =
tr{(1) = 0. So tri(z) + tri(x) # 0. So when e is even
tr?(z) = 0 and in that case rank of p + ¢ is equal to e
and we get the second case. O

IV. PROOF OF THEOREM 8

The proof can be divided into the following five cases.
Case 1: 6 =1,i=7:
It is a trivial case and thus
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Ri;j(0) = Zmer*n (=1)fi@Ffi@) = 9m — 1 2" + 1 times.
Case 2: 6 #1,i=j=2":
R; ;(6) = ZweF;ﬂ/ (_l)tr?(m)—&-tr?(éx) _

P (—1)tri(+9z) — 1 9" _ 2 times (number of
271,
choices for § # 0, 1).

Case 3: 6=1,i #5,0<4,j<2"—1:
Z (_)u,(a:)+u](m)

veFy,

— Z (,)”?((Uﬁw)w)
TE€F},

- 1,

R; ;(0) =

2™(2™ — 1) times

Case 4: 1 =2",j # 2" (or j = 27,41 # 2"):
For fixed §

Ron j(6) = Z (—)try (FFvilz)+p(@)+a(@)
TEF,
= 1+ Z (—)tri Qo) tp(@)+a(e)
r€Fon
for A =6 +v;.

The distribution of the trace transform of p(z) + ¢(z) is
already given in Theorem 9. Therefore, the distribution
of correlation function for a fixed ¢ is given as

e

n—t-1 e—2 e-3 .
—14+2 2, 2 + 272 times
-1, 2" — 2" times

192" 2972 _ 2%  times

when e is odd

“1427 5, 271 4 2% times
-1, 2™ — 2°times

“1-2775, 271 _ 2% times

when e is even.

As ¢ varies over Fyn, the distribution is for e odd

Sl 27, (29724 2°50)(2" — 1) times
_17 (271 _ 2e—1)(2n _
—1—2n T, (2972257 )(2" — 1) times

1) times

and for e even

—14275, (2571 +2997)(2" — 1) times
-1, (2™ —2°)(2" — 1) times
—1-92775, (2571 —2°F)(2" — 1) times

Case 5: § € Fon \{0,1} and 0 < 4,5 < 2" —1:
In this case, we have

ui(z) +u;(6x) = p() +q(z) +p(6x) + q(0z) + tri ([vi +6v;]z).
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Actually, the correlation function is equivalent to the trace
transform of a function r(z) which is given as

r(z) = p(x) + q(x) + p(dz) + q(dz).

In order to compute the distribution of the correlation values,
the rank of the symplectic form associated with r(x) must
be found and it is enough to count the number of x in Fon
satisfying

B, (z,2z) =0, for all z € Fon
where
B.(z,z) =r(z) +r(z) + r(z + 2).
Plugging p(x) and ¢(x) into Br(z,z), we have

B.(x,2z) = tri(z[trT (z) + trg ()] + dz[tr] (6z) + try (6z)])
= tri (z[0tr] (0x) + otry (0x) + tr (z) + tre (z)]).

So the rank can be computed by determining the number of
solutions to

Stry (6z) + otry (6x) + tri' (x) + tre (x) = 0. (1)

Let trg (x) = a and trg (dx) = b, where a,b € Fse. Then (1)
can be written as

Stri(b) +tri(a) + b+ a = 0. (2)
SubCase 1: § € Fse. Then from equation (1) , we get
6%a + 0tr} (6xz) + tri(z) +a =0 (3)

as try (dx) = dtrg (x) = da because § € Fae.
Now we have the following four cases depending on the values
of tr{'(dx) and tr7 (x)

1. tr?(dz) = 1 and trP(x) = 1 ,which implies 6%a + & +
14+a=0.

2. tr(6x) = 1 and tr¥(z) = 0, which gives 6>a+6-+a = 0.

3. tr(6x) = 0 and tr7(z) = 1, which implies 62a+1+a =
0.

4. tr7(dz) = 0 and tr}(z) = 0, which gives §%a + a = 0.

The fourth equation is true only if a = 0, otherwise (6% +1)a =
0=9d=1butd # 0or 1l Also if a = tri(z) = 0, we
get tri(z) = tri(a) = tr{(0) = 0 and tri(dz) = tri(da) =
tr7(0) = 0. So all the x € Fon for which trl(z) = 0 are so-
lutions to the equation (3) and that actually gives us 2"~ °
solutions so far. Before we start discussing the other two
equations we need the following simple but interesting obser-
vation.

5 Y 1
1+52) - tr1(52+1+52+1)
o+1 e 1
62+1)+trl(62+1)

R o1
= t’"l(m)"‘”l((mf)
)

e 1 e
tr1(m)+t7"1(

tri(

= i

1
0+1

= 0.
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First, we consider e is odd. Then ¢trf(1) = 1.
(1) gives a = 135 which implies

1
7 (6z) = tré(ad)
= i)
= tri(l1+ 5—|—1)
= i)+ i)
= 1)

d+1
and tr1(z) = tri(a) =
(2) gives a = H% which implies
52
e
5
1+ 5)

try(6z) = tri(

= tri(

.1
= 1+tr1(m)
and tri(z) = trle(#) = 0.

(3) gives a = 5 which implies

1+5
7 (62) = trf () = 0,8} (@) = ()
T1 .’L‘—T11+52—,T1I—7‘11+6.
Now if trf(ﬁlé) = 0, then (2) works. If tr{( 1+5) =1, then (3)

works. So in any case we have all together 2 - 2" ¢ = 2n~¢*?

solutions.

Now we consider the case when e is even. Then ¢rf(1) =0

and trf(%) = trf(ﬁ).
(1) gives a = Tle which implies
n e 5
try(0z) = trl(l —|—6)
1
= t7‘1(5 n 1)
= tri'(z)
(2) gives a = 1-&-% which implies
52
tri(dz) = trf(l +(52)
e, O
= t'f‘l(l T 5)
e, 1
= t7"1((S n 1)
and tri(x) = trl(m) =0.
(3) gives a = - 52 which implies just like before
try’(6z) = 0 and try (z) = trf(l i 5).

Now if trf(l—ié) = 0, then (1),(2) and (3) do not work, only
(4) works and that gives us 2"~° solutions. If tr1(1+5) =1,
then each of (1),(2),(3) and (4) works and in that case we
have 4 - 2"7¢ = 2"~°"2 many solutions. So actually, in half
of the cases we have 2"~ ° many solutions and the other half
gives us 2" °"2 many solutions.

As 0 varies over Fae \ {0,1} and 0 < 4,5 < 2™ — 1, the distri-
bution of correlation function is

American Journal of Applied Mathematics and Computing

—1427 5, (2572 42%97)27(2° — 2) times

-1, (2™ — 2°71)2"(2° — 2) times

—1- (2°72 — 2°27)2"(2° — 2) times

and when e is even
—142""2 (27 427 )2"(2e — 1) times
—1+ (2578 +2°7)27(2°"1 — 1) times
-1, (2™ —2%)2n(2°7! — 1)
) +(2" —2°7%)27(2°7! — 1) times
—1-2775,  (2¢71 —2%9%)27(2°7 — 1) times
—1—on TR (2978 - 2°57)27(2°7 ! — 1) times

SubCase 2: § ¢ Fse. This case is little complicated. Say n =
se and pick § € Fan. Consider the map ¢ : Fon — Fae X Fhe
by ¢(z) = (tre(z), tr (dz)).

We claim: If § ¢ Fae, then ¢ is onto.

proof: Set ¢ = 2°. Write § = €?. Set S =e¢ltes ¢ F, =
§' #0, since & =0=>¢e¢"=e=>ec F, =0 € F,. Pick any

z € Fy. try is onto , so 3y € Fgs with trg(v) = .
Set 8 = (6/)717 ( possible as s #0). Let x = 89 4+ 8. Then
trg (z) = 0 and
b(Sa) = (BT + 1B
= (9B + ¢B+6 B)
= (5 B)
= try(y) = 2.

So (0,z) € Im(¢) and since z is arbitrary 0 X Fy C Im(g).
Similarly, Fy x 0 C Im(¢). As ¢ is additive, ¢ is onto.

Hence the number of solutions to (trf (z),try (6z)) = (1, €2),
where €; € Fhe is 27 2¢. Now when § ¢ Fye from equation(2)
we get b =tr{(b) and a = tri(a).

Suppose, e is odd. Then (b,a) = (1,0),(0,1),(1,1) and (0,0)
give us solutions to equation( 2). So we have all together
4 .2n72¢ = 9n72¢+2 golutions. If e is even, none of (b,a) =
(1,0),(0,1),(1,1) is a solution to equation(2). Consider b =
1,a = 0. Then ¢r{(b) = 0 # b. Similarly, we can show that
the other two do not work either. So only (b,a) = (0, 0) gives
us solution to equation (2) and we have 2"~ 2¢ solutions. As §
varies over Fon \ Fze, the distribution of correlation function
is

—142n7eth (2278 4 92972)9m (2" — 2°) times
-1, (2™ — 22¢7%)2" (2™ — 2°) times
—1 —2nmeth (22678 _ 9272)9m (2" _ 2°) times
—14277¢, (2271 427127 (2™ — 2°) times
-1, (2™ — 22€)2™(2" — 2°) times
—1—2m7e (2271 —2°71)2m (2™ — 2°) times

Combining the results of the above five cases, the distribu-
tion of the correlation values for the sequence family U can
be obtained.
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