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spectra
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In this correspondence we study a class of quadratic binary functions Fs , from Fan to Fo, which

are well-known to have plateaued Walsh spectrum; i.e., for each b € Fan the Walsh transform f(b)

satisfies |j?(b)|2 € {0, 2("“)} for some integer 0 < s < n— 1. For the type of integers n = ¢q1¢2, where
q1, q2 are two different odd primes, we determine possible values of s and present some enumeration
results for counting the number of quadratic functions having those particular form of s.
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I. INTRODUCTION

In this correspondence we consider quadratic Boolean
functions F, , : Fpn — Fp, given in trace form: defined
by

k .
]:pyn(x) = TT(Z aixpurl)a (1)
1=0

where p is any prime, the coefficients ag,...,ar € Fy,
and T'r denotes the absolute trace from Fy» to IFp.

The Walsh Transform (or the Fourier Transform) of a
p-ary function

f:Fpn %]Fp ataern is

fly= 3 -, @

T€F,n

where €, is p-th root of unity. The Walsh spectrum of
fis the set {f(a) : a € Fyn}. Tt is well-known that
for each a € Fpn the Walsh transform f(a) satisfies
|F(b)]2 € {0,p"9)}, where 0 < s < n — 1 is an integer.
Since s is uniquely determined by a given quadratic
function f, we call f s-plateaued.

For p = 2 it is obvious from (2) that f(a) for any
a € Fan is an integer. Therefore, the well-known bent
functions or O-plateaued functions are only defined for
even n when p = 2. 1 or 2-plateaued functions are called
semi-bent. Of course, in that case n and s need to have
the same parity. Semi-bent functions have been studied
widely especially for their importance in cryptography,
see [1, 2, 4-6], and the references therein.
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The question we address here are the following: for
given prime p and an integer n, determine the integers
s giving s-plateaued F,, and enumerate such F,, for
some particular form of s.

Using standard Welch-squaring techniques one can see
that the integer s is the dimension over IF,, of the kernel
of the linear transformation defined on Fy» by

k
n—i

L) =Y (aia” +a" 2",
=0

where k = |(n —1)/2] when p =2 and k = [n/2] when
p > 3. Also the kernel of L has dimension s if and only
if the associates A(z) of L(z) and 2™ — 1 of 2P" — x,
respectively, satisfy ( see [7])

deg(ged(A(z), 2" —1)) = s. 3)
The associate A(z) corresponding to F;, in (1) is

k
Ax) = Z(aimi + a;z" ") = 2™ h(x), (4)

=0

where iy is the smallest integer such that a;, # 0, i.e.,
h(0) # 0, and h(x) € Fp[z] is the self-reciprocal polyno-
mial

of degree n — 2i.

II. PRELIMINARIES

In this section we discuss some results on self-reciprocal
polynomials over finite fields. Recall that a polynomial
F(z) with non-zero constant term and of degree m over
a finite field Fp» is self-reciprocal if F(z) = ™ F(1/x).
We refer to [3, 7-9] for further reading. But we need to
mention few important results on self-reciprocal polyno-
mials.
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Lemma 1 ([10]). Let F € Fy-[z].

(i) Let F be irreducible and of degree > 2. F is self-
reciprocal if and only if the set of roots of F' is closed
under inversion.

(i1) If F is self-reciprocal and G € Fyr[z], then FG is
self-reciprocal if and only if G is self-reciprocal.

(iii) If F is an irreducible self-reciprocal polynomial of
degree m > 2, then m is even.

(w) If F,G € TFylz] are self-reciprocal,
ged(F(z), G(x)) s self-reciprocal.

then

Obviously when p = 2 the polynomial 2" + 1 € Fy[z]
is self-reciprocal, hence if A(x) € Fa[z] is self-reciprocal,
then ged(2™ + 1, A(z)) is self-reciprocal by Lemma 1(iv).

From equations (3),(4) and properties of self-reciprocal
polynomials we have the following two theorems.

Theorem 1. Let n be an arbitrary integer relatively
prime to p > 3. There exists an s-plateaued quadratic
function Fp p if and only if

1. 2™ — 1 has a self-reciprocal factor h(x) of degree s,
or

2. 2" — 1 has a self-reciprocal factor h(x) of degree
s —1 where s <n — 1.

Theorems 1 and (3) show that in order to determine
the integers s for which there exists an s-plateaued
function F,,, we need to find self-reciprocal factors
of 2™ — 1. Hence we need to see the factorization of
cyclotomic polynomials.

Suppose n > 3, and consider

2" —1=]] Qm, (5)

where Q,,, denotes the m-th cyclotomic polynomial. We
then factorize Q,, into irreducibles fi - - - f,(m)/a € Fplz],
each of degree d, where d = ord,,p, and ¢ denotes the
Euler-¢ function. Here ord,,p denotes the smallest inte-
ger [, such that p' = 1 mod m. We therefore have

[[@—a). ()

JjEC:

QWL:flf@(m)/d with ft(x):

where o is a primitive mth root of unity over Fy»,
and C1,...,Cymy/a are the cyclotomic cosets modulo
m relative to powers of p, containing the elements
relatively prime to m, i.e., C1 = (p) is the subgroup of
Zy, generated by p, and Cy, ..., Cyp)/q are its cosets.

Let v(l) denote the p-adic valuation of an integer I,
ie., p*® is the largest power of p which divides I. In our
result we will only consider the case p = 2.The following
lemma is about the irreducible factors of 9,,.
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Lemma 2 ([10]). Let m = ¢7'q5* - - - q;* be odd, relatively
prime to p, d; = ordgp, 1 < i < k, and d = ord,p.
Suppose the irreducible factors of Qum are fi,..., fo(m)/d-
Then

(i) The polynomials f1,..., fom)/a are self-reciprocal
if and only if v(di) = v(d2) = --- = v(dy) > 0. In
particular, if m is a prime, then f1,..., fon-1)/d
are self-reciprocal if and only if d is even.

(it) If v(d;) # v(d;) for some 1 < i,j
of the polynomials fi, 1 < t < p(m)/d, is self-
reciprocal, and for each t, 1 < t < p(m)/d, there
exists a unique t' #t, 1 <t' < p(m)/d, such that
the product fify is self-reciprocal.

< k, then none

We need one more lemma for p = 2 before we state the
main result.The proof is obviou.

Lemma 3. The number of self-reciprocal polynomials
over Fy of degree n is 2% if n is even and 2" if n
is odd.

III. MAIN RESULT

For p = 2 we have the following enumeration result.

Theorem 2. Let n = pq, where p,q are distinct odd
primes and ordy,2 = d,,ord,2 = dy. The integer s for
which there exists an s-plateaved quadratic function F, p
are given as follows: s <n and

1. ifv(dy) = v(dy) >0, then s = 1+ kilem(d,, dg) +
kod,, + ksdg, where 0 < ki < % = v(pq),
0 < kg < “’%) = 7(p),0 < k3 < (qdql) = 7(q)
and the number of s-plateaued functions for that
particular representation of s is
l

DI C VD P L

m=0 i+j+k=m
N12>0

2.4f v(dy) > 0,v(dg) > 0 and v(d,) # v(d,), then
s= 1+2k:1lcm( ,dg)+kady+ksdy, where 0 < kp <

Sl = y(pg), 0 < ky < 22U = 4(p),0 <

ks < (qd L — v(q) and the number of s-plateaued
q
functions for that particular representation of s is

l
ny (- Yo Az

m=0 i+j+k=m
Ny>0

3.4f v(dp) > O,v(dg) = 0, then s = 1
2kilem(dy, dg) + kodp + 2ksdy, where 0 < Ky

Pl = y(pg), 0 < ke < 270 = 4(p),0

ININ +
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ks < (‘12;(11) = 7(q) and the number of s-plateaued

functions for that particular representation of s is

l
ny (D™ Y a2

m=0 i+j+k=m
N3>0

4. ifv(dy) =v(dy) =0, then s = 14 2k1lem(dp, dg) +

2hiady, + 2ksdy, where 0 < ky < P — 5 (pg),

0< k< B3 = 9(p)0 < ks < 7 = 5(g)
and the number of s-plateaued functions for that

particular representation of s is

l
Ny (=™ YT xR

m=0 i+j+k=m
N4 >0

wherel— p) +7(q) +( pq — k1 — ko — k3,
N ( k1 ¥ p) V(Q)k— ka\ oo

v(Pa)\ ((p)
= < ky ko
Ny = n—2ig— s — zlcm(d dq) — jdp — kdg, N2 =
n—2ip — s — 2ilem(dy, d,) — jd, —k:dq,N3 n — 2ig —

s — 2ilem(dp, dq) — jdp — deq,N4 =n—2y— 85—
2ilem(dy, dy) — 2jd, — 2kd,.

Proof. We just prove the first case as all the other cases
would have the same arguments.

In case 1, Qp(x) has v(p),Qq(x) has v(¢q) and Qpq(x) has
v(pq) irreducible self-reciprocal factors respectively. We
need to count the number of self-reciprocal polynomials
g(x) of degree (n — 2iy) such that deg(g(z), 2™ + 1) = s.
So g(x) = h(z)f(x), where h(z) is product of (z + 1),
k1 irreducible factors of Qpq(x), ko irreducible factors
of Qp(z) and ks irreducible factors of Qq(z) and f(x)
is self-reciprocal polynomial which doesnot contain
any irreducible factor of Q,(z),Q4(z) or Qpe(z). Let
f1(z) be the product of remaining irreducible factors of

Qp(z),Qqu(x) and Qpq(z)which are not in h(zx). Then
number of g = n- number of f.

Number of f = number of self-reciprocal polynomials of
degree (n — 2ip — s)—

[ ( number of self-reciprocal polynomials of degree
(n — 2iy — s)with one irreducible factor of fi(z)— ( num-
ber of self-reciprocal polynomials of degree (n — 2ig — s)
with two irreducible factors of fi(x)) + -+ + (—=1)™*! (
number of self-reciprocal polys of deg (n — 2ig — s) with
m irreducible factors from fi(z))-- -]

n—2ig—s — n—2ig—s—d.
N N (LCRA R

1
v(q) — ks
()

+

n72i02737dq n fy(pq) — k1 n—2ig—s—lem(dp,dq)

1 >22)

27%21'0;572(113 + (W(q)z_ k3>2n2i0252dq

n—2ig—s—2lecm(dp,dq)
2

N <7(p) - k2> <W(q) - k3>2n—2m—;—dp—rhz+
1 1
<’Y(p) - kz) (’y(pq) — k1> 2n—2i0—s_dp2_zcm(d,,,dq)
1 1

n (’y(pq)l— k1> ('y(q)l_ ks) 2n*?'igfsflc;n(dp,dq)—dq )

!
DY a2EM =N ST e

i+j+k=m m=0 i+j+k=m
N12>0 N1>0
where | = (p) +7(q) +v(pg) — k1 — k2 — ks and

P (7(pQ)Z_— k1> (w(p)j— kz) (w(q)k— ’%) and
d

N1 =n —2ip — s — ilem(dp,dq) — jdp — kdg.
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